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, Abstract. We show that a dissipative, ergodic measure preserving transformation 

of a cr-finite, non-atomic measure space always has many non-proportional, absolutely 
, continuous, invariant measures and is ergodic with respect to each one of these. 

Q 
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§0 Introduction 

Let (X, £>, m, T) be an invertible, ergodic measure preserving transformation of 
a cr-finite measure space, then there are no other cr-finite, m-absolutely continuous, 
T-invariant measure other than constant multiples of m, because the density of any 
Q\ \ such measure is T-invariant, whence constant by ergodicity. 
^ | When T is not invertible, the situation becomes more complicated. 

If (X, B, m, T) is a conservative, ergodic, measure preserving transformation of 
a cr-finite measure space, then (again) there are no other cr-finite, m-absolutely con- 
tinuous, T-invariant measure other than constant multiples of m (see e.g. theorem 
1.5.6 in [A]). When T is not conservative, the situation is different. 
j> \ In this note, we show (proposition 1) that a dissipative 

measure preserving transformation has many non-proportional, cr-finite, absolutely 
$_j ■ continuous, invariant measures. 

If the dissipative measure preserving transformation is ergodic (exact), then it 
is also ergodic (exact) with respect to each of these cr-finite, absolutely continuous, 
invariant measures (proposition 2). 

Proposition 1 was known for certain examples: the "Engel series transformation" 
(see[T], also [SI]); the one sided shift of a random walk on a polycyclic group with 
centered, adapted jump distribution (ergodicity follows from [K], existence of non- 
proportional invariant densities follows from [B-E]); and the Euclidean algorithm 
transformation (see [D-N] which inspired this note). More details are given in §2. 

§1 is devoted to results (statements and proofs) and §2 has examples of ergodic, 
dissipative measure preserving transformations. 
To conclude this introduction, we consider 
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An illustrative example. 

Fix q G (0, 1) and consider the stochastic matrix p:ZxZ^ [0, 1] defined by 
p SyS := 1 - q, p s ,s+i := q and p Sjt = 0Vt/s,s+l. Let (X,B,m,T) be the 
one-sided Markov shift with X := Z N , B the cr-algebra generated by cylinders 
(sets of form [oi, . . . , dk] '■= {x G X : Xj = aj V 1 < j < k} and m : B — > [0, oo] the 
measure satisfying m([ai, . . . , afc]) := YljZi Paj,a j+1 ■ It is not hard to check that 
(X, B, m, T) is a measure preserving transformation. By random walk theory (see 
§2 and [D-L]) it is exact in the sense that f] n >o T~ n B = {0, X}. It can be checked 
directly that F : X — > [0, oo) defined by 

1, x 1 < 0, 

is the density of a a-finite, m-absolutely continuous, T-invariant measure. 

§1 Results 

Wandering sets. 

For a measure preserving transformation (X, £>, m, T) let Wt := {VF G i3 : fl 
T~ n W = I V n > 1}: the collection of wandering sets for T. As is well known 
(see e.g. [A], or [Kr]) T is dissipative iff X is a countable union of wandering sets 
mod m. 

In case T is dissipative, invertible then 

• 3 W max G W T , i+J neZ T n W max = X mod m (see e.g. [A], or [Kr]); and 

• if W G W T , then \$ neZ T n W = X mod m only if m(W) = m(W max ), the 
reverse implication holding when m(W max ) < oo (see theorem 1 in [H-K] ). We 
denote the constant m(H / max ) =: to(T). 



F(x 1 ,x 2 , ■■■) = 



N (x) 

1 N (x) 
q else 



We prove: 
Proposition 1. 

Let (X, B, m, T) be a dissipative measure preserving transformation of a stan- 
dard, non-atomic, a-finite measure space, then 3 c G (0, oo] so that for every 
W G Wt, m(W) < c, 3 a non-zero, m-absolutely continuous, T-invariant measure 
[i with bounded density so that fJi(W) = 0. 

Proof. By Rokhlin's theorem (see [Ro] or theorem 3.1.5 in [A]), there is an invert- 
ible, measure preserving transformation (X, £>, m, T) equipped with a measurable 
map 7r : X — > X satisfying 

(|) 7r o T = T o 7T, moir~ 1 =m. 

It follows that (X,B, m, T) is dissipative. 

Given p G L°°(X) + , pof = p, define ^ p G 07l(X, B) by 

jttp(A) := / 1a o 7rp o?m. 

j-u. .. ^ ™ II II ^ ll„ll „„J .. /t"— 1 /n _ .. / A\ I A r- t2\ 
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Next we show, as advertised, that each wandering set of small enough measure 
is annihilated by some \i v . 

Let c := tu(T) G (0, oo] and suppose that W G Wt, m(W) < c, then %~ X W G 
W f and m(X \ UJ n€Z T n %~ x W) > 0. 

Set Y := X\ \$ n&L T n i\- x W (then TY = Y) and let fi := /i 1y , then (as above) 

fi < m with Halloo < 1 and ^(T^A) = fjt(A) (A G B). 
By construction, f/(W) = fh(n- 1 W n Y) = 0. □ 

Remarks. 

1) The density F in the illustrative example above, can be obtained as in the 
proof of proposition 1 as 

/ Fdm = m(ir- 1 An |+| tS^^-I, 0, 1]) 

or 

i? = E 1 [-w]°r n + E f - 1 [-w] 

n>0 n>l 

where T m denotes the transfer operator of the measure preserving transformation 
(X,B,m,T), which is the operator defined on the space L(X) + of non- negative, 
measurable functions by f A T m fdm = f T _ 1A fdm (/ G L(X) + , AeB). 

2) Evidently, p G L(X) + is the density of an m-absolutely continuous, T- 
invariant measure iff T m p = p. Also T m (f o T) = f. 

If (X, £>, m, T) is a dissipative measure preserving transformation, then 

E/° r <°° & E^/ <0 ° V/GL 1 ^), />0. 

n>0 n>0 

It follows that f m F = F where F = F(f) := J2 n >o f°T n + En>i T£f whenever 
/ G L . This can be used to prove a less precise version of proposition 1 without 
assuming standardness of (A, £>, m): if A, B G B are disjoint and A l±l B G Wt, 
then = mod m. 

3) Let (X, £>, m, T) be a dissipative measure preserving transformation of a stan- 
dard, non-atomic, a-finite measure space and let (X ,B,m,T) be its natural exten- 
sion: i.e. an invertible, measure preserving transformation (X, B, fh, T) equipped 
with a measurable map % : X — > X satisfying ($) and a minimality condition that 

oo 

V T^tt - ^ = B mod m. 

n=l 

Natural extensions are unique up to isomorphism, and exist by Rokhlin's theo- 
rem (mentioned above). We claim that any m-absolutely continuous, T-invariant 
measure \i with bounded density is of form fx p where p G L°° (X) , p o T = p. 

To see this, let \x : B — > [0, oo] be such a measure. Now define the T-invariant 
measure Jl on (X,B) as in the proof of theorem 3.1.5 in [A]. Evidently -C fh, 

„ du ■ „ l j„j _„ui„ : ; i -f. j-; — „„j .. .. 
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Proposition 2. 

Let (X,B,m,T) be an ergodic (exact) measure preserving transformation of a 
standard, a-finite measure space. 

If fj, <C m is a a-finite, T -invariant measure, then (X, £>, fx, T) also an ergodic 
( exact) measure preserving transformation. 

Remark. Proposition 2 applies mainly to dissipative, ergodic (exact) 
measure preserving transformations of standard, non-atomic cr-finite measure 
spaces. 

Proof. By theorem 2 in [D], (X, B,fi,T) is 

• ergodic iff ||J Y2=o T^u\\ L i {fl) -> for each u G L 1 (fi) ; 

• exact iff \\T^u\\ L i^ — > for each u G L 1 (/x) . 
Here L 1 (/i) := {u G L 1 (fx) : f x udfx = 0}. 

Suppose that p G L(X)+, T m p = p. We'll show that (X,B,m,T) exact im- 
plies that (X, £>, /x, T) is also exact where d/x = pdm. The proof for ergodicity is 
analogous. We note first that 

%f = l [p>0] ^f m (fp). 

Suppose that u G L 1 (/i)o, then up G L 1 (m)o and by exactness of (X,B,m,T), 
\\TZ(up)\\ LHm) ->0. Thus 

||r M n «|| L i (M) = / l [p>0] feM|cZm < K(up)|Ui (m ) ^ 

and (X, i3, /i, T) is exact. □ 

§2 Examples of ergodic, dissipative 
measure preserving transformations 

The Engel series transformation. 

This is the piecewise linear map T : (0, 1] -> (0, 1] defined by T(x) := ([±]+l)x-l 
considered with respect to Lebesgue measure. Dissipation follows from T n x j for 
each x G (0, 1) \ Q, ergodicity was shown in [S2] and invariant densities were given 
explicitly in [T]. This material is also in the book [SI]. 

Dissipative, ergodic, random walks. 

The (left) random walk on LCP group G with jump probability p G V(G) 
(RW(G,p)) is (X,B, fi,T) the stationary, one-sided shift of the Markov chain on 
G with transition probability P(g, A) := p{Ag~ x ) {A G £>(G)) defined by 

X:=G N , B:=B(X), T( Xl ,x 2 ,...) = (x 2 ,x 3 ,...) 

and 

H([A U A 2 , ■ ■ ■ , A N }) := / P X ([A U A 2 , . . . , A N ])dm{x) 

Jg 

where m is a left Haar measure on G and for A\, A 2 , . . . , An G £>(G), 
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P X ([M]):= l Al (x), P X ([A 1 ,A 2 ,...,A N ]):= l Al (x) [ P gx ([A 2 ,...,A N ])dp(g). 

Jg 

For an Abelian group G it is shown in [D-L] (using [F]) that RW(G,p) is ergodic 
iff (spt.p) = G, and exact iff (spt.p — spt.p) = G. An exact random walk on 
Z d can be conservative or dissipative when d = 1, 2 but is always dissipative when 
d > 3. 

Dissipative, exact inner functions. 

By Herglotz's theorem, any analytic endomorphism F : R 2+ := {x + iy G C : 
y > 0} -> R 2+ has the form 

(2) F{z) = az + (5 + JJl±^dp{t) 

where a > 0, (3 G R and \x is a positive measure on R. The limits lim y ^o+ F(x + iy) 
exist for a.e. i6l. The analytic endomorphism F : M. 2+ — > M 2+ is called an inner 
function if T(x) := lim y ^o+ + G ^ for G M, equivalently: /i is a 

singular measure on R. A (referenced) discussion of inner functions can be found 
in chapter 6 of [A] . 

It is known that the real restriction T of an inner function is Lebesgue non- 
singular: m(T~ 1 A) = <^=^ m(A) =0 (A G i3(lR)) where m is Lebesgue 
measure on R (see e.g. proposition 6.2.2 in [A]) and that raoT" 1 = m when a = 1 
in (2) (see e.g. proposition 6.2.4 in [A]). If (3 = and /i is symmetric measure 
(/i(— A) = /i(A)), then the real restriction T is odd, and exact by theorem 6.4.5 in 
[A]. 

If, in addition, //([— x, x] c ) oc for some < a < 1, then by lemma 6.4.7 in [A], 
T is dissipative. 

Dissipative, ergodic, number theoretical transformations. 

The Euclidean algorithm is the transformation defined by T : R^_ — > R^_ by 

(x-y,y) x>y, 
(x,y-x) x<y. 



T(x,y) = 

It is shown in [D-N] that (R+, £>(R^_), n, T) is an ergodic, dissipative, 

measure preserving transformation where d^i(x,y) = dx J^ . Exactness does not 

seem to be known. 

The Rauzy induction transformations considered in [V] are also known to be 
ergodic, dissipative measure preserving transformations. 

Dissipative S'-unimodal maps. 

These are discussed in [B-H] in terms of their attractors. Conditions are given for 
ergodicity, exactness, dissipativity and existence of cr-finite invariant densities. 
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